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Deterministic chaotic dynamics induced by a climbing map with variable local jump size is 
shown to yield anomalous diffusion, i.e. a nonlinear increase of the variance with time. The rela-
tion to Fokker-Planck equations with variable drift and diffusivity is given. Turbulent two-
particle diffusion may be a possible application. 

§1. Introduction 

Many investigations [ 1 - 7 ] have recently been 
devoted to the large-scale d i f fus ive behavior of the 
solutions of chaot ic maps . In [3] we have developed 
a general approach to the large-scale dynamics of 
maps as shown in Fig. 1, bo t tom. 

y,+, = G ( Y,) = Y, + G ( Yt), - 00 < Y, < oo , 
t = 0, 1, 2 , . . . , (1) 

where G ( F ) is a 1-per iodic function G ( F + 1 ) = 
G ( F). F h e periodici ty of G induces a decomposi-
tion of the F-space into cells [N, TV + 1) of unit 
length which was used in [3] to derive analytic 
results for the dr i f t velocity r 0 and the diffusion 
constant D0 of an ensemble of trajectories of G. 

Because of the per iodici ty of G the trajectories 
generated by G correspond to a chaotic motion in a 
strictly per iodic potential . The phase dynamics of a 
periodically driven d a m p e d anharmonic oscillator 
(e.g. Josephson junct ion [8]) may serve as an exam-
ple. 

After a brief review of the results for homoge-
neous systems in §2 we introduce the conjugating 
function in §3 which leads to the description of 
deterministic diffusion in inhomogeneous systems. §4 
contains examples of systems with a power-law and 
an exponent ial- law inhomogenei ty . In §5 we show 
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how the conjugat ion concept may also be appl ied to 
randomly distorted homogeneous systems. 

§2. Review of the results for the homogeneous case 
and generalization to varying cell-sizes 

F o introduce a general izat ion of (1) to varying 
cell-sizes we briefly review some of the results 
obtained in [3] for the homogeneous case. 

F h e dynamics of (1) can be decomposed into a 
large-scale part N, and a small-scale part v,. N, 
denotes the integer part of Y, and y, its fractional 
part: 

Y, = N, + v , , N, = [ Y,], largest integer ^ Y,, 
y, g [0. 1) . (2) 

Fhen (1) becomes 

Nl+]=N, + A(yt), 

V/+! =9 (}',), (3) 

with the j u m p funct ion 

A(y) = [G(y)], y e [0. 1 ) , (4) 

and the reduced m a p 

g (y) = G (v) — A ( y ) , y e [ 0 , 1 ) . (5) 

F h e reduced m a p is assumed to be ergodic and 
mixing. Here there exists an absolutely cont inuous 
invariant density Q (y) normal ized on [0. 1), which is 
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Fig. 1. Conjugation X=h(Y) from the homogeneous lat-
tice in F-space to the distorted lattice in JV-space. To indi-
cate the distortion effected by the conjugating function h. 
the cells indicating the periodic structure of G ( Y ) and the 
corresponding one of F (X) are shown instead of the func-
tions themselves. In this example h is proportional to F3 

(cf. turbulent two-particle diffusion). 

the unique solution of 
l 

Q(y) = ldy&(y-g{y))Q{y). 
0 

(6) 

The average over all initial points A^o+yo within a 
chosen initial cell N0 with respect to this density 
will henceforth be denoted by ( . . . ) , e.g. 

<^/> = Rvoe(yo) Y,(N0 + y0). (7) 

Since g is a chaotic map . the long-t ime behavior of 
the solutions { Y,\ of (1) is well described by the 
drift 

r 0 = lim — < > ' , - F 0 ) = ( J ) 
x / 

(8) 
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and the diffusion constant 

Do = lim 
It 

(9) 

If the correlation between j u m p s A ( v,) decays suff i-
ciently fast. Do > 0 is finite [3. 4]. and the momen t s 
( F,m) behave for large t like the momen t s of 

P(Y,t) 
1 4 n D0t 

exp 
1 (Y-Yo-vot): 

2 2 D0t 

t-* oo, (10) 

which is the solution of the Fokker-Planck equa t ion 

d,P(Y,t) = - S v ( i 0 - 6.vD0) P(Y,t). (11) 

This means, one always f inds asymptot ical ly nor-
mal di f fus ion with a temporal increase of the vari-
ance proport ional to t. The details of the reduced 
m a p only determine the magn i tude of the di f fus iv-
ity D0. Before reaching the asymptot ic t ime regime 
the variance increases as t2 and continuously 
switches to normal behavior according to the corre-
lation decay of A (v , ) [5]. This fea ture is well known 
f rom thermal Brownian motion. The " a n o m a l o u s " 
exponent =1= 1 indicates correlat ion between succes-
sive jumps . 

Note that the assumption of the existence of a 
properly defined invariant density g excludes an 
anomalous d i f fus ion caused by an intermit tent re-
duced map. Such a case was described in [6]. The re 
the trajectory could get " t r a p p e d " by an intermit-
tency center in an interval where A (y) = 0. This 
leads to an algebraically decaying wai t ing- t ime dis-
t r ibut ion and thus to an anomalous d i f fus ion. 

§3. Maps with varying cell-sizes 

A generalization of (1) to maps with varying cell-
sizes can be achieved by conjugat ion. If QN+ I) 
is the ZV-th cell with a size 

IN = Q- Qs>Q, (12) 

we choose a continuous, piecewise d i f ferent iable , 
invertible function h with 

Qn = h (N) , JV = 0, ± 1, ± 2, (13) 

Any h with these propert ies will be called a con-
jugat ing function. X = h (Y) maps the dynamical 
variable Y onto another dynamical var iable X gov-
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erned by the equat ion 

X,+ x = F(X,), t= 0 , 1 , 2 , . . . (14) 

with F=h 0 G 0 h~\ Ii is a one-to-one mapping of 
the homogeneous system onto an inhomogeneous sys-
tem with variable cell-size (F igure 1). F h e density 
P ( F. t) on F-space t ransforms into the A'-space 
densitv 

d / f ' R(x,t) = P(irl(X),t) 
d A 

(X) (15) 

F h e corresponding Fokker-Planck equat ion (11) 
t ransforms accordingly into ^ ^ 

6, R (X, t) = - d x (v ( X ) - d x D ( X ) ) R (*, t) 

with the space-dependent dr i f t and diffusivity 

r W _ r . i / 2 p : + > ( n o 

• d/t 
Y=h~HX) 

(17") 

Fhus , the conjugat ion me thod yields a class of 
chaos- induced d i f fus ion processes equivalent to 
stochastic processes character ized via the general 
Fokker-Planck equat ion (16) by a space-dependent 
dr i f t and diffusivity. If a dynamical system with 
normal d i f fus ion is used as a starting point , u(A) 
and D ( X ) are related by (17). There is some 
analogy to the theory of stochastic processes: a 
Wiener-process in F-space drives a more general 
process in A'-space. 

§4 . Examples 

An example for a determinis t ic d i f fus ion process 
with varying drif t and dif fusivi ty is turbulent two-

particle diffusion [ 9 - 11], If A is interpreted as the 
interparticle distance, the diffusivi ty has to obey 
Richardson's 4/3- law [9] in the inertial subrange, 

D (A) - D0 A 4 / 3 . (18) 

Fur thermore , d imensional a rguments (Kolmogorov, 
Oboukhov , v. Weizsäcker, Heisenberg. Onsager: cf. 
[10. 12]) imply v (A) oc A 1/3. Hence r 0 = 0 in (17'). 
Integration of (17") yields the conjugat ing funct ion 

h{Y) = F-
27 

(19) 

Fhis example motivates the general s tudy of a class 
of functions /z2 ( F) with power-law behavior . For 
simplicity we conf ine ourselves to /?a with odd sym-
metry 

M - F ) = - M F ) . (20) 

(21) 

We discuss in par t icular 

| F Y if a > 0 , 
M F ) = j s g n ( F ) l n ( l + F 2 ) if a = 0 , 

l s g n ( F ) (1 - (1 + F 2 ) a / 2 j if a < 0 . 

Ii,, generates maps F where the size of cells 
behaves according to 

lN X ' A F * - 1 for TV -> ± oo . (22) 

If a < 0, lN decreases so rapidly that the totality of 
cells only fills a f ini te interval, which has been 
normalized to [—1.1] in (21). Table 1 shows the 
transport coefficients r a (A) and Z)a (A') for the dif-
fusion in A-space. t ransformed via / ? a (F ) f rom the 
homogeneous Wiener process. T h e asymptot ic 
(/ oo) behavior of the mean m , (/) = (A r), and the 
variance oy (t) = (X2>, - (Xs)1, can be evaluated in a 
lengthy and tedious but well-defined way. We only 

Table 1. A-dependenee of drift va (X) and diffusivity ZX, (A) for the power-law conjugation (21). For a < 0 the abbrevia-
tion Z = 1 - A! is used. 

h,(Y) vAX) D% (A) 

Y Y ^ , a > 0 

sgn (F ) ln ( l + Y2), a = 0 

s g n ( F ) { l - ( l + r 2 F / 2 } , a < 0 

1/0(1 Y! 1 — 1 /AT a{r0 + («- l )Z)oSgn(A) X -1/ot} A 
| e - X /2_2 e ~3 X/2 

2 r 0 - D 0 s g n ( A ) [\-e-x\yn 
. <e- X _ e~2 X ) 1/2 

a | i 0 - ( l - a ) D 0 s g n ( A ) 

. 1^2-2/a _ 2'2-4/I[1/2 

2 — a 
Z - 3 / a 1 

1 — a 
Z - 3 / a 1 

[ 1 - Z - 2 / r j 1/2 

a2Z)n A 2 - 2 / 2 

a2 D0 JZ2-2 /3 ! — Z2 
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Fig. 2. Variances vs. time t for various x. The data 
points represent the numerically computed of an ensem-
ble of 5000 points which were started in the first cell at 
t = 0. The lines indicate the behavior to be expected from 
the asymptotic formulae in Table 2. Note the slow conver-
gence of data points to the asymptotic behavior near the 
localization transition x = 0. The results for a = 0.5 have 
been multiplied by a factor of 10 for clarity of representa-
tion. 
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Fig. 3. The plot shows the exponent of t in the leading 
term as a function of x for power-law conjugation. The 
dotted lines refer to the dashed lines to cr2. The 
symbols indicate additional factors of In / in m ^ « , • ) and 
ay ( + ) as well as (ln in a r (•). 

report the results in Table 2 and compare with 
numerical data in Figure 2. 

If y. = 1 we recover normal d i f fus ion. Other posi-
tive y. yield anomalous d i f fus ion . For negative x the 
dominat ing fea ture is the localization. 

One impor tant aspect of the results presented in 
Table 2 is the behavior of the exponents of / in the 
leading-order / -dependent terms of m a and cra when 
y. is changed. As one can see (Fig. 3), exponents are 
bounded below by - 1 / 2 if r 0 = 0. The transit ion 
f rom the finite system (x < 0) to the infinite system 
(y. > 0) appears as a critical s i tuat ion where m , as 
well as o2 contain logari thmic corrections. o r under-
goes another transition at a = - 1, which indicates the 
following qual i ta t ive change in the dynamics: For 
y > - 1 the increase of with t ime is still a conse-
quence of a spreading over more and more cells. 
For y. < - 1 the size of cells decreases so rapidly 
that the ensemble is spread over essentially all of 
the interval [ - 1 , 1 ] after a few time-steps. T h e 
fur ther change of oy is then brought about by a 
decrease of the probabili ty in the core of [ - 1, 1] 
due to the normalizat ion prefac tor x t~ul of 
P ( F, /). If r 0 + 0. exponents are not bounded below. 
The drift "squeezes" the d i f fus ing ensemble against 
the boundary of the system. The smaller y < 0 
becomes, the faster do the cells decrease in size 
when the boundary is approached . Therefore , the 
width a j of the ensemble shrinks and mx approaches 
± 1 the faster, the smaller a is. Again m a has a 
logari thmic correction for y = 0. However , does 
not. This can be explained as well by the squeezing 
effect. While the mean-mot ion really undergoes a 
quali tat ive change when the finite system is re-
placed by the inf ini te one ( there are no longer any 
boundar ies to s top it), the width does not experi-
ence the l imitation due to finiteness of space since it 
is shrinking anyhow, because the ensemble is 
squeezed into smaller and smaller cells. This is 
already present for positive y < 1/2. 

Though for large a > 0 a* increases with an arbi-
trarily high power of t. D (X) x X2~2/* always 
increases more slowly than X2 for X —• oo. To have 
D(X) x X2 requires an exponential ly changing /?.,. 
So we consider as a second example 

hx(Y) = 
sinh (y Y). 
sen ( F) ;i - e 

y>0. 
y<0. 

(23) 

The results for vx, tnx, and oy are given in Tables 
3 and 4. respectively. Because of the symmetry (20) 
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Table 2. Asymptotic time-dependence of the mean mx (t) and the variance (/) for the power-law conjugation (21). 

vo = 0: 

(0> 1 Oy. ( t ) , t -* 00 

a > 0 

a = 0 

- 1 < x < 0 

a = - 1 

Y0 (ln (4 D0t) — y) (4D0t)~U2 

jIn 

fn 
Yo(4D0ty 

[In (4D0/)]2 

1 + a \ 2 i-r 
fn 

(4 Dq ty 

{in ( 4 D 0 / ) - 2 l n 2 + y + y | ( 4 D 0 t ) ' m 

r - 1 + a r - 1 + 2 a 

n - y 
r ( - a) (4Z>oO" 

y = 0.577215664... Euler's constant 

i'o > 0: 

a (/), t —• oo <ra (/), t - co 

a2 

a > 0 (v0ty — (r0/)2(3!_1) (4 D0t) 

a = 0 2 In (i'oO 2 (v0ty2 (4 D0t) 

a < 0 1 — (t'oOa y ( » o 0 2 ( a _ , ) ( 4 A > 0 

Table 3. A-dependence of drift and diffusivity for the exponential conjugation (23). 

hAY) v, (X) DAX) 

sinh (a F) , a > 0 a | r 0 + a D0 - , * | f + X2 

sgn(F) {1-<?* , a < 0 | a | {t-0 - | a | D0 sgn (A)} {1 -

z2 DQ{\+ X2} 

x2D0{\-\X\}2 

the mean m2 and the variance ^ have the symmetry 

' " A Y o , f o ) = - w» - f o ) , 

= a A - Y 0 , - v 0 ) . (24) 

The re fo re the results for r 0 ^ 0 given in Tabs. 2 and 
4 can easily be converted to r 0 ^ 0. 

The dynamical system defined by in the A'-
space has two typical "length"' scales, an inner scale 
/0 , which is the size of the smallest (largest) cell if 
/yy * oo (//v ^ 0) for /V -»• oo and the total range 

of d i f fus ion L, which is finite for a < 0. Introducing 
parameters p, q > 0 one can ad jus t the inner and 
outer scales to their p rope r values by using 

K{Y)=phAqY). (25) 

The corresponding momen t s m a and <7a are related 
to those given in the tables by 

riix (/; Y0,v0,D0) = pmx ( f , q Y0,qv0,q2D0), 

o 2 ( r , Y 0 , U 0 , D 0 ) = p 2 o A t \ q Y 0 , q v 0 , q 2 D 0 ) . (26) 
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Table 4. Time-dependence of the mean m5 (t) and the variance (/) for the exponential conjugation (23). For a > 0 the 
complete expressions are given, for a < 0 the asymptotically leading terms, only. 
a > 0: m^ (/) = sinh {a (F0 + l'oO! a, (f) = {{<?2*2°o'- 1} 
a < 0: • {cosh [2 a (F0 + r0r)] e2^D° ' + 1} 

t'o (0 ^ (0 

!'n = 0 2 F0 (4 7r Z>0r) ~1/2 1 - (4nD0ty 

vn = 2 a Dn 

i'o = 4 * Do 

- { y + ( r 0 + 3 - ^ - ) ( 4 ; r Z V r 1 / 2 

Fn t 'r ' 0 <- 0 I j t'o' 
e x p e x p r 4 - ^ 

1 — exp {a F0 + a (v0 + a D0) t) 

20 D0 

3 t'o 
I V o l 

e X P r T 5 7 | e X P l 4 Do 
i-rU 

11 jD0 . 
+ + — —](4nD0t) i VQ 

j y 0 r 0 | I vit 
exp < f exp ^ — 

2 D 4 A 

0 < rn < 2 a Dr, 

2 a Dq < V 0 < (4 + 2j/2)ja D0 } 
r0 + 4 a D0 

(4 + 2^2) ;a D 0 ^ r ( 

1 - 16a2 DQ (D0 

4 a 2 D l - v 2 \ v 

exp 

0 Lo x Lo 

Yovo 

(4n D0t)~ 

ex 
2D0 1 CXP 1 4 D0 

1 - exp {a F0 + a (t'o + * A>)'} 

16; a t'o 
16a2 D5 — t-Q 2 a D0 

exp 
2Dn 

exp 

t'o 

4 D0 

exp {2 a F0 + 2 a (r0 + 2 a D0) /} 

The attentive reader will have noticed that we have 
specified the conjugating function in §3 on the cell 
boundaries only. In between. /?a is arbitrary up to 
the restrictions of continuity and monotonicity. In 
fact, the details of h r determine the fine structure of 
the probability density within the cells. But they do 
not have an influence upon the integral weight of 
each cell. The results obtained with the particular 

specified in (21) and (23) thus also hold for hy 

with different fine-structure if changes inside cells 
are negligible with respect to the overall features, 
i.e. /0 L. 

§5. Random spatial fluctuations 

The conjugation method can also be applied 
when the cell-sizes lN, N = 0. ± 1 , ± 2 are ran-
dom variables. To demonstrate this we consider a 
particular example: 

We assume the lN, N = 0, ± 1, ± 2 to be iden-
tically distributed variables with a mean I. The fluc-
tuations dlN = lN - J are supposed to be mutually 
independent, i.e. ÖINÖIN' = (dl)1 <W' w i t h a finite 
variance (SI)2 < 00. The overbar denotes averaging 
with respect to the cell-size statistics. Introducing 
the notation 

N 

N-I 

I • 
,7=0 

0 
-1 

- I • 
N=N 

if N > 0 . 

if N = 0, 

if N < 0, 

(27) 

we define a stochastic conjugating function by 
N N 

//(Af) = Z 4 = ^V/+Z<5 /„ . (28) 
n n 

To calculate m (t) and a (t) we use a decomposit ion 
of X = Ii (Y) based on the }-decomposition (2) 

X, = h (N,) + lNly., with x, e [0, 1) . (29) 
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Thus, one finds up to order O for the mean 
m (/) - <AT>, 

m(t) = I(N),= h 0 t . (30) 

The leading order for the variance a (t) = {X2}, -
reads 

a ( / ) = I1 (<W2>, - (N)2) + (öT)2 < N ), + O(t0) 

j ( 2 / 2 Do + Jöly v0 ) t + O (t°) if r 0 * 0 , 

12 /2 Z)0 / + (SI)2 1/——^ tU2+O(t0) if t-o = 0, 
y n (31) 

Note , the disorder in cell-sizes does not cause 
anomalous di f fus ion for t -> x if. as assumed here, 
the cell-size fluctuations have a f ini te variance. The 
anomalous ?1 /2-term domina tes for small t only, i.e. 
if ^ n D 0 t < (ÖI)2 / J 2 . If, however, the cell-size vari-

873 

ance is infinite, one finds truly anomalous di f fus ion, 
as a proper discussion of (31) proves. 

Since any such disordered system is topologically 
conjugate to the homogeneous F-system by (28), the 
disorder is in the cell-sizes only. The cell-to-cell 
transition rates do not fluctuate. Therefore , these 
systems with random disorder correspond rather to 
stochastic systems with anomalous d i f fus ion as de-
scribed in [13] (f luctuations of lattice constant) then 
to those with randomly disordered transit ion rates 
(see e.g. [14]). 
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